A one-phase reduction of the one-dimensional two-phase supercooled Stefan problem is developed. The standard reduction, employed by countless authors, does not conserve energy and a recent energy conserving form is valid in the limit of small ratio of solid to liquid conductivity. The present model assumes this ratio to be large and conserves energy for physically realistic parameter values. Results for three one-phase formulations are compared to the two-phase model for parameter values appropriate to supercooled salol (similar values apply to copper and gold) and water. The present model shows excellent agreement with the full two-phase model.
Introduction 1
When a solid forms from a liquid at the heterogeneous nucleation tem-2 perature the freezing process is relatively slow and the liquid molecules have 3 time to rearrange into a standard crystalline configuration. However, a su-
Mathematical models

29
One of the most basic formulations of the two-phase supercooled Stefan problem in non-dimensional form may be written ∂θ ∂t = k c ∂ 2 θ ∂x 2 , 0 < x < s(t) ∂T ∂t = ∂ 2 T ∂x 2 , s(t) < x < ∞ ,
T (s, t) = θ(s, t) = T I (t) , T | x→∞ → −1 , T (x, 0) = −1 ,
[β − (1 − c)s t ] s t = k ∂θ ∂x − ∂T ∂x x=s
where T, θ represent the liquid and solid temperatures, k = k s /k l the ther- is at x = s(t), where s(0) = 0. conditions will work in the arguments below.
51
The standard one-phase Stefan problem is retrieved from the above system by simply ignoring the θ equation and setting k = 0 in the Stefan condition, consequently
In fact this is often further reduced by choosing c = 1. It is well-known 52 that if supercooling is neglected, i.e. T I (t) = 0, and c = 1, then the well-
53
known Neumann solution may be applied to (4)-(6), but this breaks down as 54 β → 1 + . Applying the linear kinetic undercooling temperature T I (t) = −s t 55 prevents this breakdown and so permits solutions for arbitrary undercooling. duced, x = s(t) − kx (where k ≪ 1), which transforms (1b) to
Neglecting the small term involving k allows the equation to be integrated 73 and applying θ → θ i asx → ∞ gives
Noting that θx = −kθ x we may use (8) to replace the solid temperature 75 gradient in the Stefan condition (3) and applying θ(s, t) = −s t gives
The correct reduction of the two-phase Stefan problem in the limit k → 0 is it would seem more appropriate to study the large k limit.
90
Now we let k → ∞ and the heat equation (1b) reduces to θ xx ≈ 0, 91 so to leading order θ = c 0 (t) + c 1 (t)x = −s t (after applying the boundary 92 conditions). So far this seems a reasonable result, large k indicates heat travels rapidly through the solid (compared to the travel time in the liquid) 94 which then equilibrates to the boundary temperature almost instantaneously.
95
However, in the Stefan condition we have the term kθ x , which is zero to 96 leading order (since θ = −s t (t)), but since the coefficient k is large it is 97 possible that the first order term plays an important role. If we write θ =
2 ) then the leading and first order heat equations are
The appropriate temperatures are θ 0 = −s t and
Stefan condition becomes
Substituting for θ 1 in (11) we find that the one-phase Stefan problem in the 102 limit of large k is then specified by equations (4)- (5) and the Stefan condition
The inclusion of the derivative s tt requires an extra initial condition. In 
In the one phase problem the front velocity is a function of the temperature 107 gradient with the result that without kineic undercooling the above initial 
This argument also helps us with the one-phase formulation of equation (9) 124 which requires an initial solid temperature, θ i (despite the solid phase not 
Energy conservation 132
The non-dimensional thermal energy in the two-phase system is given by
During the phase change the molecular rearrangement also releases (or uses) 134 energy, namely the latent heat. So the rate of change of thermal energy, E t , 135 must balance the rate at which energy is produced by the phase change, βs t .
136
Differentiating the above equation we find
The heat equations in (1) allow the time derivatives to be replaced with 138
x derivatives in the integrals, which may then be evaluated immediately.
139
Noting that θ(s, t) = T (s, t) = −s t then (16) becomes
The temperature gradients at x = s may be removed via the Stefan condition The energy balance for the standard one-phase problem specified by equa- Stefan condition (6) to replace T x (s, t)
This demonstrates that energy is not conserved in this formulation. The and applying the Stefan condition (9) to replace T x (s, t) to equation (17) to
Finally the one-phase limit with k → ∞ is determined using the definition 157 of θ 1 to give kθ x (s, t) = −css tt and T x (s, t) comes from the Stefan condition
158
(12) to give
Hence the large and small k formulations also conserve energy. 
Comparison of results
161
We now present two sets of results for the solidification of salol and water.
162
The results were computed numerically using the boundary immobilisation 163 method and Keller box finite difference technique used in [10, 11] . The k → 0 result was rather unexpected so the computations were verified using 165 an accurate heat balance method, as described in [12, 13] . This provided 166 solutions typically within 0.5% of the numerics. As discussed above, the 167 k → 0 formulation requires a value for the solid temperature θ i . At the end 168 of §2 we demonstrated that θ i = −1. We also tried θ i = 0 but this did not 169 improve the correspondence.
170
In Figure 1 we compare the position of the phase change front for the is within 0.005% of the 2 phase result, the k → 0 solution is within 1.8%.
189
In Figure 2 we show results for a water-ice system where k ≈ 4, c ≈ 0.49.
190
This has a significantly lower c value than salol and a higher k value. The val- showed a very slight decrease in the velocity s t .
202
Conclusions
203
In summary, our simulations show that the one-phase reduction with large k can provide an excellent agreement with the two-phase problem for a wide range of physically realistic parameter values and supercooling. The small k formulation of [3] whilst mathematically correct is highly inaccurate for practical problems and surprisingly significantly less accurate than the non-energy conserving form. Only in the limit of large Stefan number do the solutions coincide (and in this case the supercooled formulation is unnecessary). We therefore propose that an accurate approximation to the two-phase one-dimensional Stefan problem is obtained by the simpler onephase approximation specified by equations (4)-(5) and the Stefan condition (12). Using standard notation the dimensional form may be written
T (s, t) = T m − φs t , T | x→∞ → T ∞ , T (x, 0) = T ∞ (23) 
